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BIHARMONIC TORI IN SPHERES
DOREL FETCU, ERIC LOUBEAU, AND CEZAR ONICIUC
Abstract. We consider proper-biharmonic flat tori with constant mean curva-
ture (CMC) in spheres and find necessary and sufficient conditions for certain
rectangular tori and square tori to admit full CMC proper-biharmonic immer-
sions in Sn, as well as the explicit expressions of some of these immersions.
1. Introduction
Suggested in 1964 in the seminal paper [5] the notion of a biharmonic map between
two Riemannian manifolds, defined as a critical point of the bienergy functional
E2(φ) =
1
2
∫
M
|τ(φ)|2 vg,
for φ : (M,g) → (N, g˜), represents a generalization of harmonic maps. Since any
harmonic map is biharmonic, we study proper-biharmonic maps, i.e., biharmonic
maps which are not harmonic. The Euler-Lagrange equation corresponding to the
bienergy, obtained in [6], is given by the vanishing of the bitension field, i.e.,
τ2(φ) = −∆τ(φ)− traceRN (dφ, τ(φ))dφ = 0.
We note that this definition of biharmonicity coincides with the one in [4] only for
the case of immersions in Euclidean space.
Specializing to Riemannian immersions, or submanifolds, the relationship between
minimality and harmonicity is a well-known fact. A special connection, although a
more complex one, does also exist between biharmonic submanifolds and subman-
ifolds with constant mean curvature, called CMC submanifolds. This relation was
investigated in many papers, one of the most recent being [7]. In this paper are
described CMC proper-biharmonic immersions of surfaces in spheres, a result which
led to the fact that for any h ∈ (0, 1) there exist CMC proper-biharmonic planes
and cylinders in S5 with mean curvature h and also to the finding of a necessary
and sufficient condition, in terms of h, for the existence of CMC proper-biharmonic
tori in S5. We note that a result in [9] shows that the value of the mean curvature
of a CMC proper-biharmonic submanifold in a unit Euclidean sphere Sn must be
less or equal to one. Moreover, the mean curvature is equal to one if and only if
the submanifold lies in a small hypersphere Sn−1(1/
√
2) as a minimal submanifold.
The case of proper-biharmonic surfaces with parallel (in the normal bundle) mean
curvature vector field proved to be a rather rigid one as it turned out that the mean
curvature of such surfaces must be equal to one (see [2]).
In the first part of our paper we revisit the classification of CMC proper-bihar-
monic flat tori in S5 and give a new proof of the result in [7]. Then, looking from a
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different angle, we ask whether a given torus admits a full CMC proper-biharmonic
immersion in a sphere Sn. We study this problem for two families of tori: rectangular
tori with a side of length equal to one and square tori. In the first case we determine
the expressions of all such rectangular tori that admit full CMC proper-biharmonic
immersions in a sphere Sn, as well as these immersions. This result is a rather rigid
one as the only admissible dimensions for the ambient space are 5 and 7. The case
of square tori is more flexible and we prove that there are examples of full CMC
proper-biharmonic immersions of such tori in Sn for any odd positive integer n ≥ 5.
We will always consider full immersions in Sn, i.e., their images do not lie in any
totally geodesic sphere Sn
′ ⊂ Sn.
Acknowledgments. The authors would like to thank Iulian Stoleriu for verifying
some of the computations in Proposition 2.7.
2. General results
We will first recall a general characterization theorem on CMC proper-biharmonic
flat surfaces in spheres obtained in [7] as a direct application of a result in [8] and
then specialize our study to the case of tori and give a new proof to an existence
criterion in [7] for CMC proper-biharmonic tori in S5, formulated in terms of their
mean curvature.
Theorem 2.1 ([7]). Let D be a small disk about the origin in the Euclidean plane
R2 and φ : D → Sn be a CMC proper-biharmonic immersion with mean curvature
h = |H| ∈ (0, 1). Then
(i) n is odd, n ≥ 5.
(ii) φ extends uniquely to a CMC proper-biharmonic immersion of R2 into Sn.
(iii) ψ = i ◦ φ : R2 → Rn+1 can be written
ψ(z) = 1√
2
m∑
k=1
√
Rk
(
e
√
λ1
2 (µkz−µ¯k z¯)Zk + e
√
λ1
2 (−µkz+µ¯k z¯)Z¯k
)
(2.1)
+ 1√
2
m′∑
j=1
√
R′j
(
e
√
λ2
2 (ηjz−η¯j z¯)Wj + e
√
λ2
2 (−ηjz+η¯j z¯)W j
)
,
where
(a) Zk = (E2k−1 − iE2k) /2, k ∈ {1, . . . ,m}, i2 = −1,
(b) Wj =
(
E2(m+j)−1 − iE2(m+j)
)
/2, j ∈ {1, . . . ,m′},
(c) {E1, . . . , E2m+2m′} is an orthonormal basis of Rn+1, n = 2m+2m′− 1,
(d) λ1 = 2(1− h), λ2 = 2(1 + h),
(e)
∑
k Rk = 1,
∑
j R
′
j = 1, Rk > 0, R
′
j > 0,
(f) (1− h)∑k µ2kRk + (1 + h)∑j η2jR′j = 0.
(g) {±µk}mk=1 are 2m distinct complex numbers of norm 1,
(h) {±ηj}m′j=1 are 2m′ distinct complex numbers of norm 1.
Remark 2.2 (symmetries of solutions). Let
(h, (Rk)k, (R
′
j)j, (µk)k, (ηj)j) = (Rk, R
′
j, µk, ηj)
be a solution of (e), (f), (g) and (h). Then
• (Rk, R′j ,±µk,±ηj) is also a solution of Conditions (e), (f), (g), and (h)
(2m+m
′
solutions).
• (Rk, R′j , µ¯k, η¯j) is also a solution of Conditions (e), (f), (g), and (h) (1 solu-
tion).
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• (Rk, R′j , αµk, αηj), α ∈ C, |α| = 1, is also a solution of Conditions (e), (f),
(g), and (h).
•
(
Rσ(k), R
′
σ′(j), µσ(k), ησ′(j)
)
, where σ and σ′ are permutations of {1, . . . ,m}
and {1, . . . ,m′}, respectively, is also a solution of Conditions (e), (f), (g),
and (h) (m!m′! solutions).
Each of the above solutions corresponds to an orthogonal linear transformation of
R2 or Rn. Since the classification of isometric immersions is up to isometries of the
domain and codomain, our classification will be modulo the above four transforma-
tions.
• if we consider a translation (x, y) → (x + a, y + b) of the domain, then
one obtains a new CMC proper-biharmonic immersion, corresponding to the
same data set (Rk, R
′
j , µk, ηj) but with different Zk’s and Wj’s.
Remark 2.3. The numbers m and m′ are invariant under isometries of R2 and Sn.
Theorem 2.4 ([7], Structure theorem in S5). For a given h ∈ (0, 1) there is a one-
parameter family of CMC proper-biharmonic surfaces φh,ρ = φρ : R
2 → S5 with mean
curvature h, ρ ∈ [0, (1/2) arccos((h − 1)/(1 + h))], such that ψρ = i ◦ φρ : R2 → R6
can be written as
ψρ(z) =
1√
2
(
e
√
λ1
2 (z−z¯)Z1 + e
√
λ1
2 (−z+z¯)Z¯1
)
+
1√
2
2∑
j=1
√
R′j
(
e
√
λ2
2 (ηjz−η¯j z¯)Wj + e
√
λ2
2 (−ηjz+η¯j z¯)W¯j
)
,
where
(a) Z1 =
1
2 (E1 − iE2),
(b) Wj =
1
2
(
E2(1+j)−1 − iE2(1+j)
)
, j ∈ {1, 2},
(c) {E1, . . . , E6} is an orthonormal basis of R6,
(d) λ1 = 2(1− h), λ2 = 2(1 + h),
and R′1, R
′
2, η1 = e
iρ and η2 = e
iρ˜ are given by
 1−
(
1−h
h+1
)2
2
(
1 + 1−h
h+1 cos 2ρ
) , 1− 1−
(
1−h
h+1
)2
2
(
1 + 1−h
h+1 cos 2ρ
) , ρ, ρ˜ = arctan (− 1
h tan ρ
)

 ,
if ρ ∈ (0, (1/2) arccos((h − 1)/(1 + h))], and(
h
1 + h
,
1
1 + h
, 0, −pi
2
)
,
if ρ = 0.
Conversely, let φ : R2 → S5 be a CMC proper-biharmonic surface with mean
curvature h ∈ (0, 1). Then, up to isometries of R2 and S5, ψ = i ◦ φ : R2 → S5 is
one of the above maps.
The proof of the above theorem is based on the fact that we cannot takem = 2 and
m′ = 1, as there are no solutions of Conditions (e), (f), (g), and (h) in Theorem 2.1.
The solution in the remaining case m = 1 and m′ = 2, follows from the next lemma.
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Lemma 2.5 ([7]). Let η1 = e
iρ with, because of symmetries of solutions, ρ ∈ [0, pi/2]
and η2 = e
iρ˜, ρ˜ ∈ [−pi/2, pi/2), then
ρ˜ =


−pi2 , if ρ = 0
0, if ρ = pi2
arctan
(
−1
h tan ρ
)
, otherwise.
In particular, ρ˜ ∈ [−pi/2, 0].
Another technical result that will be used later is the following lemma.
Lemma 2.6 ([7]). Let t = tan(ρ/2), ρ ∈ [0, pi/2], then η1 = eiρ and η2 = eiρ˜ are
solutions of
(1− h) + (1 + h)sη21 + (1 + h)(1 − s)η22 = 0,
if and only if s ∈ [h/(1 + h), 1/(1 + h)],
tan ρ˜ =
−1
h tan ρ
when s ∈
(
h
1 + h
,
1
1 + h
)
,
ρ˜ = −pi/2 for s = h/(h + 1) and ρ˜ = 0 for s = 1/(h+ 1), and
t =


0, if s = h1+h
1, if s = 11+h√
s(1−h2)−
√
h(1−s−hs)√
s−h+hs , otherwise.
Now, consider a CMC proper-biharmonic immersion φ : R2 → Sn with mean
curvature h = |H| ∈ (0, 1). It is not difficult to check that ψ = i ◦ φ satisfies
ψ(z1) = ψ(z2) if and only if ψ(z1 − z2) = ψ(0). Note that ψ(z) = 0 is equivalent to
〈i
√
λ1µ¯k, z〉 ≡ 0 (mod 2pi), ∀k ∈ {1, . . . ,m}
and
〈i
√
λ2η¯j , z〉 ≡ 0 (mod 2pi), ∀j ∈ {1, . . . ,m′}.
Next, we define Λψ = {z ∈ R2 : ψ(z) = ψ(0)} and note that Λψ is a discrete
lattice and the immersion ψ quotients to an embedding ψ : R2/Λψ → Rn+1 or
φ : R2/Λψ → Sn.
Now, if Λ is a discrete lattice, then ψ quotients to R2/Λ if and only if Λ ⊂ Λψ,
i.e., Λ is an abelian subgroup of Λψ. Obviously, if rankΛ = 2, since Λ ⊂ Λψ, then
rankΛψ = 2 and R
2/Λ is a covering space for R2/Λψ . Therefore, if ψ quotients to
a torus T 2 = R2/Λ then it quotients to a (possible different) torus T 2 = R2/Λψ
providing an embedding with the same mean curvature.
In the following we will present a new proof to a classification result for CMC
proper-biharmonic tori in S5.
Proposition 2.7 ([7]). The CMC proper-biharmonic immersion φh,ρ : R
2 → S5,
ρ ∈ [0, (1/2) arccos((h− 1)/(1 + h))], quotients to a torus if and only if either
(a) ρ = 0 and
h =
1− b
1 + b
,
where b = r2/t2, r, t ∈ N∗, with r < t and (r, t) = 1; or
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(b) ρ ∈ (0, (1/2) arccos((h− 1)/(1+h))] is a constant depending on a and b and
h =
1− (a− b)2
1 + (a− b)2 + 2(a+ b) ,
where a = p2/q2 and b = r2/t2, with p, q, r, t ∈ N∗, such that 0 ≤ b− a < 1.
Moreover, in this case, the corresponding lattice Λψh,ρ is given by
Λψh,0 ={lrv2 + kv1 : k, l ∈ Z}
={ltv˜2 + kv1 : k, l ∈ Z},
where v1 = (−pi
√
1 + b, 0), v2 = (0, pi
√
(1 + b)/b), and v˜2 = (0, pi
√
1 + b); or
Λψh,ρ =
{
mv2 + nv1 : m,n ∈ Z s.t. mq
p
− nqr
pt
∈ Z
}
=
{
mv˜2 + kv˜1 : m,k ∈ Z s.t. mt
r
− k pt
qr
∈ Z
}
,
where
v1 =
(
pi
√
(a− b)2 + a+ b√
a
, 0
)
(2.2)
v2 =
(
− pi
√
b(1− a+ b)√
a((a− b)2 + a+ b) ,
pi
√
1 + (a− b)2 + 2(a+ b)√
(a− b)2 + a+ b
)
v˜1 =
(
pi
√
(a− b)2 + a+ b√
b
, 0
)
v˜2 =
(
− pi
√
a(1 + a− b)√
b((a− b)2 + a+ b) ,
pi
√
1 + (a− b)2 + 2(a + b)√
(a− b)2 + a+ b
)
.
Proof. We will first consider the case when ρ ∈ (0, (1/2) arccos((h− 1)/(1+h))] and
we will explicitly determine Λψh,ρ as well as the necessary and sufficient conditions
such that rankΛψh,ρ = 2.
Consider now v = (T, V ) ∈ Λψh,ρ and use the same notations as in Lemma 2.6.
From ψ(z) = ψ(0) we have
〈i
√
λ1, v〉 =
√
λ1V = 2pim,
〈i
√
λ2η¯1, v〉 =
√
λ2(T sin ρ+ V cos ρ) = 2pin
and
〈i
√
λ2η¯2, v〉 =
√
λ2(T sin ρ˜+ V cos ρ˜) = 2pik,
where m,n, k ∈ Z. It follows that V = (2pi/√λ1)m and
T =
2pin√
λ2 sin ρ
− 2pim√
λ1 tan ρ
=
2pik√
λ2 sin ρ˜
− 2pim√
λ1 tan ρ˜
.
From the two expressions of T one obtains the following condition
(2.3) nA+mB = k,
where A = sin ρ˜/ sin ρ < 0 and B = −
√
λ2/λ1A(1 + h tan
2 ρ) cos ρ > 0, that can be
rewritten as
(2.4) kA˜+mB˜ = n,
with A˜ = 1/A = sin ρ/ sin ρ˜ and B˜ = −B/A =
√
λ2/λ1(1 + h tan
2 ρ) cos ρ.
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Therefore, the vector v can be written as
v = nv1 +mv2
where
(2.5) v1 =
(
2pi√
λ2 sin ρ
, 0
)
and v2 =
(
− 2pi√
λ1 tan ρ
,
2pi√
λ1
)
,
or, equivalently,
v = kv˜1 +mv˜2
where
(2.6) v˜1 =
(
2pi√
λ2 sin ρ˜
, 0
)
and v˜2 =
(
− 2pi√
λ1 tan ρ˜
,
2pi√
λ1
)
.
Since {
v1 = Av˜1
v2 = v˜2 +Bv˜1,
it follows that
Λψh,ρ = {mv2 + nv1 : m,n ∈ Z s.t. nA+mB ∈ Z}
=
{
mv˜2 + kv˜1 : m,k ∈ Z s.t. kA˜+mB˜ ∈ Z
}
.
The next step is to show that rankΛψh,ρ = 2 if and only if A,B ∈ Q∗.
First, assume that rankΛψh,ρ = 2. This is equivalent to the fact that there exist
w1, w2 ∈ Λψh,ρ , given by
w1 = m1v2 + n1v1 and w2 = m2v2 + n2v1,
with n1A +m1B = l1 ∈ Z and n2A+m2B = l2 ∈ Z, such that {w1, w2} is linearly
independent over R.
If n1 = 0 it follows that m1 6= 0 and B = l1/m1 ∈ Q∗. Also n2 cannot vanish
since otherwise w2 ‖ w1. Therefore, we have A = (l2 −m2B)/n2 ∈ Q∗. The other
three cases when n1m1n2m2 = 0 follow in the same way.
Assume now that n1m1n2m2 6= 0 and we have the following system{
n1A+m1B = l1
n2A+m2B = l2,
in A and B. Since {w1, w2} is linearly independent over R, we see that the discrim-
inant of this system is different from zero, which means that A and B are uniquely
determined and A,B ∈ Q∗.
Conversely, assume that A = −p′/q′ and B = p′′/q′′, where p′, q′, p′′, q′′ ∈ N∗ with
(p′, q′) = 1 and (p′′, q′′) = 1. It is then not hard to see that {m(q′′v2) + n(q′v1) :
m,n ∈ Z} ⊂ Λψh,ρ and {q′v1, q′′v2} is a linearly independent system over R.
To handle A and B it is more convenient to express them in terms of s and h. To
this end we use Lemma 2.6, perform a computation similar to that in the proof of
[7, Proposition 12], and obtain
A = −
√
s(1− s− hs)
(1− s)(s− h+ hs) and B =
√
h
(1− s)(s− h+ hs) .
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We have seen that rankΛψh,ρ = 2 if and only if A,B ∈ Q∗, which is equivalent to
1/B,−A/B ∈ Q∗. These conditions lead to

√
(1−s)(s−h+hs)
h
= p
q√
s(1−s−hs)
h
= r
t
, p, q, r, t ∈ N∗, (p, q) = 1, (r, t) = 1.
Denoting a = p2/q2 ∈ Q∗+ and b = r2/t2 ∈ Q∗+ the above system can be rewritten as{
(1 + h)s2 − (1 + 2h)s + (1 + a)h = 0
(1 + h)s2 − s+ bh = 0.
Therefore A,B ∈ Q∗ if and only if the last system in s admits (at least) one solution
s ∈ (h/(1 + h), 1/2], where we have also used the fact that ρ ∈ (0, (1/2) arccos((h−
1)/(1 + h))] if and only if s ∈ (h/(1 + h), 1/2], which follows from Lemma 2.6. This
is equivalent to
h =
1− (a− b)2
1 + (a− b)2 + 2(a + b) , 0 ≤ b− a < 1,
and the solution is
s =
1 + a− b
2
.
To end the proof we will determine the explicit expression of Λψh,ρ in terms of a
and b. We denote t = tan(ρ/2), t ∈ (0,√h+ 1 −
√
h], and obtain, after a long but
straightforward computation,
t =
√
s(1− h2)−√h(1− s− hs)√
s− h+ hs
=
√
(1 + a+ b)((a − b)2 + a+ b)−
√
b(1− a+ b)√
a(1 + (a− b)2 + 2(a+ b))
and
sin ρ =
2t
1 + t2
=
√
a(1 + (a− b)2 + 2(a+ b))
(1 + a+ b)((a − b)2 + a+ b) ,
cos ρ =
1− t2
1 + t2
=
√
b
(1 + a+ b)((a− b)2 + a+ b)(1− a+ b),
sin ρ˜ =
t2 − 1√
(1− t2)2 + 4h2t2 = −
√
b(1 + (a− b)2 + 2(a+ b))
(1 + a+ b)((a− b)2 + a+ b) ,
cos ρ˜ =
2ht√
(1− t2)2 + 4h2t2 =
√
a
(1 + a+ b)((a− b)2 + a+ b)(1 + a− b).
Finally, replacing in (2.5) and (2.6), one obtains the expressions (2.2) of v1, v2, v˜1,
and v˜2.
When ρ = 0, working in the same way as in the previous case, one obtains that
the lattice Λψh,0 is given by
Λψh,0 =
{
mv2 + kv1 : m,k ∈ Z s.t. m
√
λ2
λ1
∈ Z
}
=
{
nv˜2 + kv1 : n, k ∈ Z s.t. n
√
λ1
λ2
∈ Z
}
,
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where v1 = (−2pi/
√
λ2, 0), v2 = (0, 2pi/
√
λ1), and v˜2 = (0, 2pi/
√
λ2). It is then easy
to see that rankΛψh,0 = 2 if and only if
√
λ2/λ1 ∈ Q∗, that is equivalent to the fact
that the mean curvature h is given by h = (1− b)/(1+ b), where b = r2/t2, r, t ∈ N∗,
with r < t and (r, t) = 1. Replacing in the expression of Λψh,0 we obtain its final
form and conclude the proof. 
From Proposition 2.7 one obtains the main result in this section.
Theorem 2.8 ([7]). Let h ∈ (0, 1). Then there exists a CMC proper-biharmonic
immersion from a torus T 2 into S5, φ : T 2 → S5 with mean curvature h if and only
if either
(i)
h =
1− b
1 + b
,
where b = r2/t2, r, t ∈ N∗, with r < t; or
(ii)
h =
1− (a− b)2
1 + (a− b)2 + 2(a+ b) ,
where a = p2/q2 and b = r2/t2, with p, q, r, t ∈ N∗, such that 0 ≤ b− a < 1.
3. Biharmonic immersions of tori in spheres
In this section we consider two types of tori and, using Theorem 2.1, show how they
can be immersed as CMC proper-biharmonic surfaces in odd-dimensional spheres.
While our first case, rectangular tori, only works in S5 and S7, the second one,
square tori, provides examples of CMC proper-biharmonic immersions for any (odd)
dimension of the ambient space.
Our next result gives all possible CMC proper-biharmonic immersions of a class
of rectangular tori in Sn.
Theorem 3.1. Let Λ = {(2pik˜, 2pil˜θ) : k˜, l˜ ∈ Z} be a rectangular lattice and con-
sider the torus T 2 = R2/Λ, where θ ∈ R∗+. Then T 2 admits a proper-biharmonic
immersion in Sn with constant mean curvature h ∈ (0, 1) if and only if
θ2 = (q21 + q
2
2)/2 and n ∈ {5, 7},
where q1, q2 ∈ N and q1 < q2. In this case
h =
q22 − q21
2(q21 + q
2
2)
,
with q1 ≥ 0 when n = 5 and q1 > 0 when n = 7. Moreover, the CMC proper-
biharmonic immersion from T 2 to Sn corresponds to the map ψ : R2 → Rn+1 given
by (2.1) and determined by one of the following sets of data:
• when n = 5
R1 = 1, R
′
1 =
1
2
(
1−
√
1− 2h
1 + 2h
)
, R′2 =
1
2
(
1 +
√
1− 2h
1 + 2h
)
µ1 =
√
1− 2h
2(1 − h) +
i√
2(1 − h) , η1 =
√
1 + 2h
2(1 + h)
+
i√
2(1 + h)
, η2 = η¯1,
where h ∈ (0, 1/2];
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• when n = 7
R1,2 =
1
2
(
1± ω√
1− 2h
)
, R′1,2 =
1
2
(
1∓ ω√
1 + 2h
)
,
µ1 =
√
1− 2h
2(1− h) +
i√
2(1− h) , µ2 = µ¯1, η1 =
√
1 + 2h
2(1 + h)
+
i√
2(1 + h)
, η2 = η¯1,
where ω ∈ (−√1− 2h,√1− 2h) and h ∈ (0, 1/2).
Proof. Let us consider θ ∈ R∗+, the lattice Λ = {(2pik˜, 2pil˜θ) : k˜, l˜ ∈ Z}, and the
torus T 2 = R2/Λ. Then the spectrum of the Laplacian on T 2 is (see [1, 3]){
λ = p2 +
q2
θ2
: p, q ∈ N
}
.
In order for the immersion φ : R2 → Sn in Theorem 2.1 to quotient to the torus
T 2 the map ψ = i ◦ φ : R2 → Rn+1 has to satisfy ψ(x, y) = ψ(x+ 2pik˜, y + 2pil˜θ) for
any pairs (k˜, l˜) ∈ Z2 and (x, y) ∈ R2. In particular, we have ψ(0, 0) = ψ(2pik˜, 0) =
ψ(0, 2pil˜θ), that, using Expression (2.1) of ψ, leads to
cos(2
√
λ1pik˜bk) = cos(2
√
λ1pil˜θak) = 1, ∀k˜, l˜ ∈ Z
and
cos(2
√
λ2pik˜dj) = cos(2
√
λ2pil˜θcj) = 1, ∀k˜, l˜ ∈ Z,
where λ1 and λ2 are the eigenvalues of T
2, µk = ak+ibk, and ηj = cj+idj , 1 ≤ k ≤ m,
1 ≤ j ≤ m′. These conditions are equivalent to{√
λ1θak = Lk ∈ Z√
λ1bk =Mk ∈ Z
, k ∈ {1, . . . ,m}
and {√
λ2θcj = L
′
j ∈ Z√
λ2dj =M
′
j ∈ Z
, j ∈ {1, . . . ,m′}.
Therefore, we have
µk =
Lk
θ
√
λ1
+ i
Mk√
λ1
and ηj =
L′j
θ
√
λ2
+ i
M ′j√
λ2
.
It can be easily verified that, with these data, the map ψ : R2 → Rn satisfies
ψ(x, y) = ψ(x + 2pik˜, y + 2pil˜θ) for any (k˜, l˜) ∈ Z2 and (x, y) ∈ R2 and therefore it
quotients to the torus T 2.
Now, since λ1 = 2(1− h), λ2 = 2(1 + h) and |µk| = |ηj | = 1, one obtains
(3.1)
{
L2k +M
2
kθ
2 = 2θ2(1− h)
(L′j)
2 + (M ′j)
2θ2 = 2θ2(1 + h)
, 1 ≤ k ≤ m, 1 ≤ j ≤ m′.
Next, from Condition (f) in Theorem 2.1, we get
(3.2)


m∑
k=1
Rk
(
L2k −M2k θ2
)
+
m′∑
j=1
R′j
(
(L′j)
2 − (M ′j)2θ2
)
= 0
m∑
k=1
RkLkMk +
m′∑
j=1
R′jL
′
jM
′
j = 0.
It is easy to see, from Equations (3.1), thatM2k < 2 and (M
′
j)
2 < 4, for 1 ≤ k ≤ m,
1 ≤ j ≤ m′, and we shall study all possible cases:
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• M2k = (M ′j)2 = 0, for all indices k and j. From equations (3.1) and the
second equation of (3.2) it follows θ = 0, which is a contradiction.
• M2k = 1 and (M ′j)2 = 0 or M2k = 0 and (M ′j)2 = 1, for all indices k and j.
From Equations (3.1) and the first equation of (3.2) one obtains again that
θ must vanish.
• Assume that there exist s, s′ ∈ N∗, with s ≤ m, s′ ≤ m′, and s+s′ < m+m′,
such that
M21 = · · · =M2s = 0, M2s+1 = · · · =M2m = 1
and
(M ′1)
2 = · · · = (M ′s′)2 = 0, (M ′s′+1)2 = · · · = (M ′m′)2 = 1.
Then, again using Equations (3.1) and since θ 6= 0, the first equation of (3.2)
becomes
s∑
k=1
Rk − h
m∑
k=1
Rk +
s′∑
j=1
R′j + h
m′∑
j=1
R′j = 0,
that is
∑s
k=1Rk +
∑s′
j=1R
′
j = 0, which is a contradiction.
• M2k = (M ′j)2 = 1, for all indices k and j. In this case Equations (3.2) are
satisfied.
We have just shown thatMk,M
′
j ∈ {−1, 1}, L2k = θ2(1−2h), and (L′j)2 = θ2(1+2h),
1 ≤ k ≤ m, 1 ≤ j ≤ m′. Moreover, the mean curvature h can only take values in the
interval (0, 1/2]. Also, since we must have m distinct µk’s and m
′ distinct ηj ’s, it is
easy to see that (m,m′) ∈ {(1, 2), (2, 1), (2, 2)}, which means that n = 2(m+m′)−1 ∈
{5, 7}.
Next, we will find admissible forms for θ and h. First, we know that the eigenvalues
of T 2 take the form
λ1 = 2(1− h) = p21 +
q21
θ2
and λ2 = 2(1 + h) = p
2
2 +
q22
θ2
,
where p1, p2, q1, q2 ∈ N. Since λ1+λ2 = 4, it follows that q21+q22 > 0, 4−p21−p22 > 0,
and
θ2 =
q21 + q
2
2
4− p21 − p22
.
Also, since λ2 − λ1 = 2h, we have
h =
2(q22 − q21) + p22q21 − p21q22
2(q21 + q
2
2)
.
The condition 4− p21 − p22 > 0 leaves only four possible cases for the pair (p21, p22)
that will be analyzed in the following.
• If p21 = p22 = 0 then 0 < q21 < q22 and
θ2 =
q21 + q
2
2
4
, h =
q22 − q21
q21 + q
2
2
.
Therefore, we have
L2k =
3q21 − q22
4
, (L′j)
2 =
3q22 − q21
4
.
Now, since q1 6= 0, we can write q1 = aα, with a ∈ N∗, such that Lk = aαk,
with the greatest common divisor (α,αk) equal to 1. It follows that q
2
2 =
a2(3α2− 4α2k) and, therefore, that 3α2− 4α2k must be a perfect square. But,
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since a perfect square can only be of the form 9t2 or 3t+ 1, with t ∈ N, and
(α,αk) = 1, by a straightforward analysis of all possible cases, one easily
shows that this is not possible.
• The cases (p21, p22) = (1, 0) or (0, 1) can be dismissed in the same way as
above.
• When p21 = p22 = 1, one obtains 0 ≤ q21 < q22 and
θ2 =
q21 + q
2
2
2
, h =
q22 − q21
2(q21 + q
2
2)
.
Then, we have L2k = q
2
1, and (L
′
j)
2 = q22 .
When n = 5 we have (m,m′) ∈ {(1, 2), (2, 1)}. If (m,m′) = (1, 2) then one obtains
R1 = 1, µ1 =
√
1− 2h
2(1 − h)+
i√
2(1− h) , η1 =
√
1 + 2h
2(1 + h)
+
i√
2(1 + h)
, η2 = η¯1,
and, from the second equation of (3.2),
R′1 −R′2 = −
√
1− 2h
1 + 2h
,
which, together with R′1 +R
′
2 = 1, leads to
R′1,2 =
1
2
(
1∓
√
1− 2h
1 + 2h
)
.
By the symmetry of solutions the other possible cases determine no new CMC
proper-biharmonic immersions in S5.
If (m,m′) = (2, 1) then we have
R′1 = 1, µ1 =
√
1− 2h
2(1 − h) +
i√
2(1− h) , µ2 = µ¯1, η1 =
√
1 + 2h
2(1 + h)
+
i√
2(1 + h)
and obtain
R1 =
1
2
(
1−
√
1 + 2h
1− 2h
)
< 0,
that is a contradiction, which was to be expected as we have already seen in the
previous section.
When n = 7 we take
µ1 =
√
1− 2h
2(1− h) +
i√
2(1− h) , µ2 = µ¯1, η1 =
√
1 + 2h
2(1 + h)
+
i√
2(1 + h)
, η2 = η¯1,
and, since R1 +R2 = 1 and R
′
1 +R
′
2 = 1, the second equation of (3.2) becomes
(R1 −R2)
√
1− 2h+ (R′1 −R′2)
√
1 + 2h = 0,
with solutions
R1,2 =
1
2
(
1± ω√
1− 2h
)
, R′1,2 =
1
2
(
1∓ ω√
1 + 2h
)
,
where ω ∈ (−√1− 2h,√1− 2h) and h ∈ (0, 1/2). 
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Remark 3.2. A torus T 2 of the type considered in Theorem 3.1 admits a CMC
proper-biharmonic immersion with h = 1/2 only in S5. In this case, θ = q22/2 and
the immersion is given by
R1 = 1, R
′
1 = R
′
2 =
1
2
, µ1 = i, η1 =
√
2 + i√
3
, η2 = η¯1.
Remark 3.3. When n = 5 the expression of h in Theorem 3.1 can be obtained
from the general expression of h in Proposition 2.7, case (b), by taking a = ((q1 −
q2)/(2q2))
2 and b = ((q1 + q2)/(2q2))
2, with 0 ≤ q1 < q2. It is easy to see that
0 ≤ b− a < 1. For these values of a and b we have that
v1 =
(
pi
√
2
√
3q21 + q
2
2
q2 − q1 , 0
)
and v2 =
(
− pi
√
2(q1 + q2)
2
(q2 − q1)
√
3q21 + q
2
2
,
2pi
√
q21 + q
2
2√
3q21 + q
2
2
)
,
and it is not hard to see that v ∈ Λψh,ρ if and only if v = mv2 + nv1, with m,n ∈ Z
and
2mq2 − n(q1 + q2)
q2 − q1 ∈ Z.
On the other hand, the lattice Λ in Theorem 3.1 is generated by
f1 = (2pi, 0) and f2 = (0, 2piθ) =
(
0, pi
√
2
√
q21 + q
2
2
)
.
Consider a rotation in R2 with matrix

q1
√
2√
3q2
1
+q2
2
√
q2
1
+q2
2√
3q2
1
+q2
2
−
√
q2
1
+q2
2√
3q2
1
+q2
2
q1
√
2√
3q2
1
+q2
2


and still denote the resulting lattice by Λ. The vectors f1 and f2 become
f˜1 =
(
2pi
√
2q1√
3q21 + q
2
2
,−2pi
√
q21 + q
2
2√
3q21 + q
2
2
)
and f˜2 =
(
pi
√
2(q21 + q
2
2)√
3q21 + q
2
2
,
2piq1
√
q21 + q
2
2√
3q21 + q
2
2
)
,
respectively, and it can easily be verified that
f˜1 = −v1 − v2 ∈ Λψh,ρ and f˜2 = q2v1 + q1v2 ∈ Λψh,ρ ,
which means that Λ ⊆ Λψh,ρ . It is also easy to see that if q2 = q1 + 1, then
Λ = Λψh,ρand therefore we do not merely have an immersion but an embedding.
Remark 3.4. For 0 < q21 < q
2
2 the same torus can be immersed in S
5 and in S7 as
CMC proper-biharmonic surfaces, with the same constant mean curvature.
Remark 3.5. Let r ∈ N∗ and q˜1 = rq1, q˜2 = rq2 and consider θ˜2 = (q˜21 + q˜22)/2.
Then we have a family of non-isometric rectangular tori immersed in S5 (or in S7)
as CMC proper-biharmonic surfaces with the same mean curvature. However, if we
consider two pairs (q1, q2) and (q˜1, q˜2) such that h = h˜, then the pairs of rational
numbers (a, b) and (a˜, b˜) given by Remark 3.3 coincide. Therefore the corresponding
lattices Λψh,ρ coincide.
Remark 3.6. The same rectangular torus can be immersed in S5 (or in S7) as a
CMC proper-biharmonic surface in different ways with different mean curvatures.
Remark 3.7. From the proof of Theorem 3.1 it is easy to see that a rectangular
torus with both sides of length less than 1/
√
2 cannot be immersed in a sphere Sn
as a CMC proper-biharmonic surface.
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The following result provides necessary and sufficient conditions for square tori
to admit CMC proper-biharmonic immersions in odd-dimensional spheres. In order
to state the theorem we first denote by r2(p) the number of representations of p ∈ N
as a sum of two squares of integers.
Theorem 3.8. Let Λ = {(2pik˜a, 2pil˜a) : k˜, l˜ ∈ Z} be a square lattice and consider
the torus T 2 = R2/Λ, where a ∈ R∗+. Then we have
(a) T 2 admits a proper-biharmonic immersion in Sn, n ≡ 3 (mod 4), with con-
stant mean curvature h ∈ (0, 1) if and only if
4a2 = p21 + q
2
1 + p
2
2 + q
2
2, h =
p22 + q
2
2 − p21 − q21
p21 + q
2
1 + p
2
2 + q
2
2
,
and
7 ≤ n ≤ r2(p21 + q21) + r2(p22 + q22)− 1,
where p1, q1, p2, q2 ∈ N such that 0 < p21 + q21 < p22 + q22.
(b) If 4a2 = p2+ q2, where p, q ∈ N such that 0 < p < q, then T 2 admits a CMC
proper-biharmonic immersion in Sn with h = (q2− p2)/(p2+ q2) for any odd
n, 5 ≤ n ≤ r2(p2) + r2(q2)− 1.
Proof. The immersion φ : R2 → Sn in Theorem 2.1 quotients to the square torus T 2 if
and only if the map ψ = i◦φ : R2 → Rn+1 satisfies ψ(x, y) = ψ(x+2pik˜a, y+2pil˜a) for
any (k˜, l˜) ∈ Z2 and (x, y) ∈ R2. Therefore, we have ψ(0, 0) = ψ(2pik˜, 0) = ψ(0, 2pil˜θ),
which, also using the expression (2.1) of ψ, shows that
cos(2
√
λ1pik˜abk) = cos(2
√
λ1pil˜aak) = 1, ∀k˜, l˜ ∈ Z
and
cos(2
√
λ2pik˜adj) = cos(2
√
λ2pil˜acj) = 1, ∀k˜, l˜ ∈ Z,
where λ1 and λ2 are the eigenvalues of T
2, µk = ak+ibk, and ηj = cj+idj , 1 ≤ k ≤ m,
1 ≤ j ≤ m′.
Thus, one obtains
µk =
Lk + iMk
a
√
λ1
and ηj =
L′j + iM
′
j
a
√
λ2
,
where Lk,Mk, L
′
j ,M
′
j ∈ Z, 1 ≤ k ≤ m, 1 ≤ j ≤ m′.
It is easy to verify that these conditions also imply the general periodicity property
ψ(x, y) = ψ(x + 2pik˜a, y + 2pil˜a), (k˜, l˜) ∈ Z2 and (x, y) ∈ R2, and, therefore, the
immersion φ : R2 → Sn quotients to T 2.
Next, since λ1 = 2(1− h), λ2 = 2(1 + h), and |µk| = |ηj | = 1, we have
(3.3)
{
L2k +M
2
k = 2a
2(1− h)
(L′j)
2 + (M ′j)
2 = 2a2(1 + h)
, 1 ≤ k ≤ m, 1 ≤ j ≤ m′.
Also, condition (f) in Theorem 2.1 gives
(3.4)


m∑
k=1
Rk
(
L2k −M2k
)
+
m′∑
j=1
R′j
(
(L′j)
2 − (M ′j)2
)
= 0
m∑
k=1
RkLkMk +
m′∑
j=1
R′jL
′
jM
′
j = 0.
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If we denote
U =
(√
R1L1, . . . ,
√
RmLm,
√
R′1L
′
1, . . .
√
R′m′L
′
m′
)
and
V =
(√
R1M1, . . . ,
√
RmMm,
√
R′1M
′
1, . . .
√
R′m′M
′
m′
)
,
the above system can be written as{
||U || = ||V ||
〈U, V 〉 = 0.
We will determine in the following the admissible forms for a and h.
Since the spectrum of the Laplacian on T 2 is (see [1, 3]){
λ =
p2 + q2
a2
: p, q ∈ N
}
,
it follows that there exist four nonnegative integers p1, q1, p2, and q2, with 0 <
p21+ q
2
1 < p
2
2+ q
2
2, such that λ1 = (p
2
1+ q
2
1)/a
2 and λ2 = (p
2
2 + q
2
2)/a
2. Now, it is not
hard to see that condition λ1 + λ2 = 4 implies that
4a2 = p21 + q
2
1 + p
2
2 + q
2
2 and h =
p22 + q
2
2 − p21 − q21
p21 + q
2
1 + p
2
2 + q
2
2
.
To determine the maximum possible dimension of the ambient space we first note
that, from Equations (3.3), one obtains
(3.5)
{
L2k +M
2
k = p
2
1 + q
2
1
(L′j)
2 + (M ′j)
2 = p22 + q
2
2
, 1 ≤ k ≤ m, 1 ≤ j ≤ m′,
that shows that 0 < 2m ≤ r2(p21 + q21) and 0 < 2m′ ≤ r2(p22 + q22). Then, from [10,
Theorem 4.12] and Conditions (g) and (h) in Theorem 2.1, we get that
n ≤ r2(p21 + q21) + r2(p22 + q22)− 1 = 4N − 1,
where N = (r2(p
2
1 + q
2
1) + r2(p
2
2 + q
2
2))/4 ∈ N, N ≥ 2.
Let us assume that n = 4N − 1. In order to obtain a particular solution of the
system formed from Equations (3.4) and (3.5), we first note that m and m′ are even
numbers and take Rk = 1/m, 1 ≤ k ≤ m, and R′j = 1/m′, 1 ≤ j ≤ m′. We consider
L2α−1, M2α−1, L′2β−1, M
′
2β−1 nonnegative integers such that L
2
2α−1 + M
2
2α−1 =
p21 + q
2
1, (L
′
2β−1)
2 + (M ′2β−1)
2 = p22 + q
2
2, and{
L2α =M2α−1, M2α = −L2α−1
L′2β =M
′
2β−1, M
′
2β = −L′2β−1
, 1 ≤ α ≤ m
2
, 1 ≤ β ≤ m
′
2
.
If
√
p21 + q
2
1 ∈ N∗, then we consider the pair (L2α−1,M2α−1) = (0,
√
p21 + q
2
1) but
not (
√
p21 + q
2
1 , 0).
We now have m = r2(p
2
1 + q
2
1)/2 distinct unit complex numbers
µ2k =
(
Lk + iMk
a
√
2(1 − h)
)2
and m′ = r2(p22 + q
2
2)/2 distinct unit complex numbers
η2j =
(
L′j + iM
′
j
a
√
2(1 + h)
)2
.
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Then the data(
Rk =
1
m
,R′j =
1
m′
, µk =
Lk + iMk
a
√
2(1− h) , ηj =
L′j + iM
′
j
a
√
2(1 + h)
)
,
with 1 ≤ k ≤ m, 1 ≤ j ≤ m′, 2(m + m′) − 1 = n = 4N − 1 ≥ 7, determine a
proper-biharmonic immersion of T 2 in Sn with constant mean curvature h.
Next, it can be easily verified that, for example, the data(
Rk =
1
m− 2 , R
′
j =
1
m′
, µ1, . . . , µm−2, η1, . . . , ηm′
)
also give a CMC proper-biharmonic immersion of T 2 in S4N−5, with the same mean
curvature h. Working this way, we can construct CMC proper-biharmonic immer-
sions of T 2 in any sphere Sn, n ∈ {7, . . . , 4N − 5, 4N − 1}, all with the same mean
curvature h.
In the following, we shall assume that 4a2 = p2 + q2, with p, q ∈ N, 0 < p <
q. Let us also consider m odd, such that m < r2(p
2)/2, and m′ even, such that
m′ = r2(q2). Then we can take p1 = p, q1 = 0, p2 = 0, and q2 = q and obtain
h = (q2 − p2)/(p2 + q2). One can check that another solution of (3.4) and (3.5) is
given by
L1 = a
√
2(1 − h) = p, M1 = 0,
the positive integers Lk, Mk, with 2 ≤ k ≤ m, chosen such that L2k + M2k =
2a2(1− h) = p2 and
L2α+1 = −M2α, M2α+1 = L2α, 1 ≤ α ≤ m− 1
2
,
and 
R1 =
1
2
, R2 = · · · = Rm = 1
2(m− 1) , if m > 1
R1 = 1, if m = 1,
and also
L′1 = a
√
2(1 + h) = q, M ′1 = 0, L
′
2 =M
′
1 = 0, M
′
2 = −L′1 = −q
and positive integers L′j , M
′
j , with 3 ≤ j ≤ m′, chosen such that (L′j)2 + (M ′j)2 =
2a2(1 + h) = q2 and
L′2β =M
′
2β−1, M
′
2β = −L′2β−1, 2 ≤ β ≤
m′
2
,
and 

R′1,2 =
1
4
∓ 1− h
4(1 + h)
, R′3 = · · · = R′m′ =
1
2(m′ − 2) , if m
′ > 2
R′1,2 =
1
2
∓ 1− h
2(1 + h)
, if m′ = 2.
For this solution we have 0 < 2m ≤ r2(p2) − 2 and 0 < 2m′ = r2(q2) and,
therefore, again using [10, Theorem 4.12], one obtains 5 ≤ n ≤ r2(p2)+ r2(q2)− 3 =
r2(p
2
1 + q
2
1) + r2(p
2
2 + q
2
2)− 3 = 4N − 3.
Hence, we have a CMC proper-biharmonic immersion of T 2 in Sn, n = 4N−3 ≥ 5,
with mean curvature h. In the same way as for the other particular solution, using
this immersion, one can construct proper-biharmonic immersions of T 2 in any Sn,
with n ∈ {5, . . . , 4N − 7, 4N − 3}, with the same constant mean curvature.
Therefore, these explicit examples show that we have CMC proper-biharmonic
immersions of T 2 in Sn for any odd integer n between or equal to 5 and 4N − 1. 
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Remark 3.9. From the proof of Theorem 3.8, it is not hard to see that a ≥ √3/2.
Moreover, if a =
√
3/2, one obtains that the corresponding square torus can be
immersed only in S7, in a unique way given by(
R1 = R2 = R
′
1 = R
′
2 =
1
2
, µ1 = i, µ2 = 1, η1 =
1 + i√
2
, η2 = η¯2
)
.
Remark 3.10. While any positive integer can be written as a sum of four squares
(not necessarily satisfying the condition in Theorem 3.8 though), a positive integer
can be written as a sum of two squares if and only if each of its prime factors of the
form 4p − 1 occurs with an even power in its prime factorization (see, for example,
[10]).
As positive integers p and q can be chosen such that r2(p
2) + r2(q
2) is arbitrarily
large, from Theorem 3.8, we have the following result.
Theorem 3.11. For any sphere Sn, with n odd, there exists a square torus that can
be immersed in Sn as a CMC proper-biharmonic surface.
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